Abstract: A phase-plane method is proposed to model flow fields bounded by constant-velocity detonation waves propagating in TNT charges. Similarity transformations are used to formulate the problem in the phase plane of non-dimensional sound speed Z versus non-dimensional velocity F . The formulation results in two coupled ordinary differential equations that are solved simultaneously. The solution corresponds to an integral curve Z(F ) in the phase plane, starting at the Chapman-Jouguet (CJ) point and terminating at the singularity A, which is the sonic point within the wave. The system is closed by computing thermodynamic variables along the expansion isentrope passing through the CJ point, forming, in effect, the complete equation of state of the thermodynamic system. The CJ condition and isentropic states are computed by the Cheetah thermodynamic code. Solutions are developed for planar, cylindrical, and spherical detonations. Species profiles are also computed; carbon graphite is found to be the predominant component (≈10 mol/kg). The similarity solution is used to initialize a 1D gas-dynamic simulation that predicts the initial expansion of the detonation products and the formation of a blast wave in air. Such simulations provide an insight into the thermodynamic states and species concentrations that create the initial optical emissions from TNT fireballs.
INTRODUCTION
Application of similarity methods to model explosions has a long and prestigious history. In 1941 Sir Geoffrey Taylor used a similarity variable to transform the partial differential equations of gas dynamics to the ordinary differential equations of the blast wave theory [1, 2] . In this case, he assumed a constant velocity detonation wave propagating in a TNT charge. He used an equation of state for the TNT detonation products as developed by Jones and Miller [3] and computed the pressure and velocity profiles behind the detonation front for planar and spherical waves [1, 2] . He showed for the first time that the velocity was quiescent a Lawrence Livermore National Laboratory, Livermore, CA, USA; kuhl2@llnl.gov.
(zero) in the inner half of the detonation wave. He published additional studies of TNT detonations in the 1958 Princeton series on high-speed aerodynamics [2] . This similarity approach was formalized as the phase-space method by Academician Sedov in 1958 in his monograph [4]; Sedov applied it to a wide variety of explosion and implosion problems. In 1960 Stanyukovich used similarity methods to model the escape of detonation products into vacuum [5] ; the products were modeled by an isentropic power law (Γ = 3). Barenblatt developed scaling methods [6] and extended the similarity method to the intermediate asymptotics regime [7] . A general description of the theory of detonation waves can be found in the treatise by Academician Zel'dovich and Kompaneets [8] . A recent comprehensive review can be found in John Lee's book [9] .
Similarity methods enjoyed perhaps their greatest popularity in modeling explosions in gases rather than solids.
1 Oppenheim and co-workers used the phasespace method to derive all possible solutions bounded by a strong shock [10] or a strong detonation [11] , detonations with variable energy at the front [12] , and pressure waves generated by steady flames [13] .
In this paper we develop a phase-space model for detonation waves in solids that accommodates a thermodynamically complete model of TNT detonation products based on the Cheetah thermodynamic code of Fried [14] .
THERMODYNAMICS OF TNT DETONATIONS
The energetics of TNT detonation products is described by the locus of states in the Le Chatelier plane of specific internal energy u versus temperature T (Fig. 1) . The locus starts at the Chapman-Jouguet point (CJ) and expands down the isentrope to 300 K; both the locus and the CJ condition itself were predicted by the Cheetah code. The computed points (circles in Fig. 1 ) are accurately fitted with a piecewise-quadratic
The fitting constants are listed in Table 1 . In Fig. 1 , the fundamental energy variable u represents the absolute specific internal energy (which includes the heats of formation of the TNT molecules). On this scale, the energies of reactants and products at T = 300 K are u 3 ) as measured by Ornellas in bomb calorimeter experiments [15] . On this scale, the value of the energy u = −1131 cal/g at zero temperature indicates that the gaseous detonation products retain the energy e 0 = 52 cal/g at room temperature. Figure 1 has an auxiliary energy scale (e) that has the property that e = 0 at T = 0. It is related to the absolute energy scale by e ≡ u + 1131. Also shown in Fig. 1 is the detonation at constant energy and volume, denoted by the point U V . On the energy scale e, the heat of detonation is ΔH d ≡ e UV − e 0 = 1 012.8. The enhancement from the U V point to the CJ point is caused by the kinetic energy flux across the detonation front Ω = W 2 CJ /2(Γ+ 1) 2 = 340 cal/g, where W CJ is the detonation wave velocity and Γ = W CJ /u r,CJ − 1 is the isentropic exponent. One sees that the energy at the CJ point equals 273.2 and 1404.8 cal/g on the absolute and auxiliary energy scales, respectively. Thus, the energy characteristics of gaseous TNT products are completely characterized by the Le Chatelier diagram in Fig. 1 .
Other thermodynamic variables were also calculated along the CJ isentrope; they were nondimensionalized by their values at the CJ point: temperature Θ = T /T CJ , pressure P = p/p CJ , energy E = e/e CJ , density R = ρ/ρ CJ , sound speed A = (a/a CJ ) 2 , and isentropic exponent G = Γ/Γ CJ (see Table 2 for the CJ values). Their inter-relationship is illustrated in Fig. 2 as a function of the density ratio 2 R along the CJ isentrope. We emphasize that this thermodynamic solution is general (e.g., devoid of any constant assumptions
